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Abstract 

New proof of existence of the novel complex structure on the six-sphere, followed by an explicit 
computation of its underlying integrable almost complex tensor by the aid of inner automorphisms 
of the octonions, is exhibited. Both are elementary and self-contained however the size and com¬ 
plexity of the emerging almost complex tensor held on the six-sphere is perplexing. 
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1 Introduction 

Unlike their real eounterparts, eomplex manifolds are quite rigid objeets therefore constructing new 
examples is often not an easy task. Nevertheless there are two main islands, both within the Kdhler 
realm, of the arehipelago of complex manifolds comprising tractable situations. One is the category of 
projective manifolds, standing in the focal point of algebraic geometry. The other one is the category 
of Stein manifolds which, on the contrary, can be conveniently studied with the techniques of complex 
analysis in several variables. Although the in-between terra incognita is not so easily accessable, it 
is still quite populated: its habitants are the numerous irregular neither projeetive nor Stein—or even 
not Kahler—manifolds, either compact or non-compact. Examples in two complex dimensions are for 
example the various non-algebraie tori, Hopf surfaees, Inue surfaces, non-algebraie K3 surfaces, ete. 
(ef., e.g. [1, Chapter VI] for a survey of irregular complex surfaces) while in higher dimensions the 
picture is not so clear yet. But in all dimensions the deviation, at least from the algebraie scenario, 
is eaptured in some extent by the eoneept of the algebraic dimension of a complex manifold i.e., the 
transcendental degree over C of its field of global meromorphie funetions. Compaet complex manifolds 
whose algebraic and geometric dimensions mateh (sometimes called Moishezon manifolds) are still not 
far from being algebraic: it is known that after performing finitely many blowing-ups they become 
projeetive algebraic. However in general the lower the algebraic dimension of a manifold is the larger 
its detaehment is from the familiar world of algebraic manifolds. 

*e-mail; etesi@math.bme.hu 
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An interesting family of higher dimensional non-algebraic examples relevant to us here is based 
on even dimensional compact Lie groups. Samelson discovered [11] that they carry complex struc¬ 
tures which are surely non-Kahler if the underlying group is simply connected and simple. We guess 
therefore that in fact they are as far from being algebraic as possible: we conjecture that the algebraic 
dimension of an even dimensional compact, connected, simply connected and simple Lie group as a 
complex manifold is always zero. It also has been known for some time that if the six dimensional 
sphere carries a complex structure then this compact complex 3-manifold must be of zero algebraic 
dimension [2]. 

In this paper we shall construct explicitly the recent complex structure on the six dimensional sphere 
found in [4]. The proof is based on identifying with an exceptional conjugate orbit [3] inside the 
exceptional compact Lie group G 2 and then restricting a Samelson complex structure on G 2 to this 
orbit. The proof to be presented here is elementary and self-contained hence is independent of our 
former Yang-Mills-Higgs theoretic approach [4]; nevertheless those considerations definitely have 
been used here as a source of ideas. We just note that meanwhile the treatment in [4] is based on the 
well-known SU(3)-hbration: the projection (i.e., a surjective mapping) ;r : G 2 ^ 5^, our present proof 
rests on a less-known but very remarkable injection (i.e., an injective mapping) / : 5^ —)■ G 2 . Therefore 
the two approaches are dual to each other in this sense. 

The paper is organized as follows. Sect. 2 consists of a self-contained and elementary proof that 
can carry complex structures (cf. Theorem 2.1). Then we make a contact between known results on the 
Dolbeault cohomologies of a complex structure on G 2 and on S^: certain Dolbeault cohomology groups 
of G 2 and of are both non-trivial and are isomorphic via C G 2 considered as a complex-analytic 
embedding (cf. Lemma 2.1). It also has been known for a long time (cf. e.g. [8, 6]) that if carries 
a complex structure then there exist “exotic CP^’s” i.e., complex manifolds diffeomoprhic to CP^ as 
real 6-manifolds however not complex-analytically isomorphic to it. Here we prove another striking 
consequence: the complex sructure on implies the existence of “large exotic C^’s” in a similar 
sense (cf. Lemma 2.2). By a large exotic we mean a complex manifold which is diffeomorphic 
to however is not complex analytically equivalent to the standard C^, moreover does not admit a 
complex-analytic embedding into the standard (the failure of the higher dimensional analogue of 
the Riemannian mapping theorem implies the existence of an abundance of small exotic ’s i.e., open 
complex analytic subsets not complex-analytically equivalent to the sandard C^). 

In Sect. 3 we outline the explicit construction of the integrable almost complex tensor field on 
underlying its complex structure. The construction is based on looking at the aforementioned conjugate 
orbit as the subset of inner automorphisms within the full automorphism group of the octonions which 
is G 2 (cf. Lemma 3.1). In this way one can find open subsets with smooth gauges on in which the 
almost complex tensor field can be written as local 6x6 matrix functions. However the result is so 
unexpectedly complicated that we cannot display it here in order to protect environment. Nevertheless 
the steps toward its construction are clearly explained and the curious reader can reproduce the calcu¬ 
lations (using a computer is strongly advised) by himself or even go further and bring these matrices 
into a more digestable form. Our computations here at least allow us to conclude that all the complex 
structures found in Theorem 2.1 are in fact complex analitically isomorphic (cf. Theorem 3.1). 

Finally Sect. 4 is an appendix and has been added in order to gain a more comprehensive picture. 
Following [3] we re-prove that the conjugate orbit of G 2 playing the central role here, when regarded 
as a continuous map / : —> G 2 , represents the generator of 7t(y{G2) = 'l‘'i (cf. Theorem 4.1). 

Acknowledgement. The author is grateful to N.A. Daurtseva, Sz. Szabo, R. Szoke, R Vrana and D. 

TM 

Wang for the stimulating discussions. The math software Maple version 2015.1 has been extensively 
used to carry out the massive but strictly symbolic calculations in Sect. 3. 
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2 Proof of existence 

In this section we present a formal proof that the six dimensional sphere can carry complex structures. 
The proof is based on identifying with an exceptional conjugate orbit inside the exceptional compact 
Lie group G 2 and then restricting the Samelson complex structure of G 2 to this orbit. The proof to be 
presented here is elementary and self-contained hence is independent of our former Yang-Mills-Higgs 
theoretic approach [4]. 

Recall [10, 11] that if G is an even dimensional compact real Lie group with real Lie algebra 0 the 
complex linear subspace sCq^ :=q 0 r C is a Samelson subalgebra if it is a complex Lie subalgebra of 
0 *^ satisfying dime 5 = 5 dime 0 *^ and s* fl 0 = {0} as real subspaces within 0 *^. One can demonstrate 
that at least one Samelson subalgebra in 0 *^ always exists if 0 is the Lie algebra of a compact even 
dimensional Lie group. These properties imply a vector space decomposition 0 *^ = s © s hence the 
existence of a real linear isomorphism Re : s —)■ 0 given by VL 1 —)■ ReVL for all IT G 5 and a real linear 
map : 0 —)■ 0 with /^(RelT) — ImlT satisfying = — Idg. Consequently a choice of a Samelson 
subalgebra gives rise to a complex vector space {q,Js) such that 0 ^’® := s is the +\/^-eigenspace 
while 0 ®’^ : = s is the — \/^ -eigenspace of its complexification jf' : ^ The operator 

on 0 = TgG can be extended to a left-invariant almost complex structure over the whole G by putting 
Js^g : TgG —)■ TgG to be := Lg^ J^^eLgl- In this way we come up with an almost complex manifold 
(G, 7s). In fact the Lie algebra property of 0 ^ has not been exploited so far; because 0 *^ = 0 ^ © 0 ®’ ^ 
it additionally tells us that 

also holds. The identiheation X 1 —)■ := j{X — of real vector fields with (1,0)-type com¬ 

plex ones over G maps left-invariant real fields into left-invariant (1,0) -type ones and these latter fields 
can be viewed as (l,0)-type complex Lie algebra elements. Observing that (X,y) 1 —)■ is 

C°°(G;M)-bilinear we recognize that the vanishing commutator above actually says that the Nijenhuis 
tensor of Jg is zero. Consequently (G^Jg) is integrable to a homogeneous complex manifold Yg in light 
of the Newlander-Nirenberg theorem. Another way to see this is to take the corresponding complex 
Lie subgroup S C G^ of s C 0 *^ and Yg = G^/S as a complex manifold because this quotient as a real 
manifold is diffeomorphic to G, essentially because 5 * ("10 = {0} holds in 0 *^, cf. [10, Proposition 2.3]. 

After these preliminaries consider the 14 dimensional real compact exceptional Lie group G 2 . As 
we outlined above it can be given the structure of a compact complex 7-manifold; more precisely 
according to a result^ [10, Example on p. 123] there is a family with a + G C+ U C~, of 

pairwise non-isomorphic compact homogeneous complex 7-manifolds whose underlying real spaces 
are all diffeomorphic to G 2 . This Lie group has moreover a maximal subgroup SU(3) C G 2 and let 
A G G 2 be the generator of its center i.e., A G Z(SU(3)) = Z3. Motivated by [3] we will focus our 
attention to the conjugate orbit 

G(A):={gAg-i|gGG 2 } ( 1 ) 

passing through this generator. It is a real submanifold of G 2 diffeomorphic to G 2 /SU( 3 ) = S^. Let 
G 2 be the complexification of G 2 . By compactness of G 2 there exists a diffeomorphism G 2 = TG 2 
as a real manifold hence we can use the zero section of the tangent bundle to write G 2 C G 2 . Our 
orbit also complexifies to a complex submanifold G(A)‘^ C G 2 complex-analytically isomorphic to 
G 2 /SU( 3 )‘^ = G 2 /SL( 3 ,C) = (5^)*^ where (S^)*^ C is the “complex six-sphere” whose points 

satisfy -I- \-Zq = 1 withzi,... ,Z7 G C. Restriction then gives G(A)‘^ = TO{A) and G(A) C G(A)'^. 

This is in accordance with the fact that (5'^)'^ = TS^ as a real manifold and with the existence of an 

*But we will also recover this result explicitly in Sect. 3. 
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embedding C (5^)*^ by the zero section. In this way we come up with a commutative diagram 


G 2 

c 

G^ ^ TG 2 

u 


u 

G(A) 

c 

0(A)^ = TO(A) 

^11 


^11 

S^ 

c 

(^6)C ^ J56 


of complex-analytic or real smooth embeddings and isomorphisms. We proceed further and demon¬ 
strate that on G 2 the two structures: its Samelson complex structures and its conjugate orbit are com¬ 
patible with each other in the sense that these complex structures restrict to the orbit. 

Theorem 2.1. For given (extended) real numbers a G (M\ {0}) U { 00 } and b eM. \ {0} let Yat be a 

(T' 

compact complex 1-manifold diffeomorphic to G 2 stemming from the Samelson subalgebra Sat C • 
Consider the exceptional conjugate orbit 0(A) diffeomorphic to within G 2 . 

Then the complex structure of Yah restricts to this conjugate orbit rendering a compact complex 
3-manifold Xab C Yab ■ 

Proof Let h G C G 2 be a point, Lb : G 2 —)■ G 2 and Lh* : TG^ —)■ TG 2 the corresponding left 

translations. The latter operator can be used to translate the tangent space TbO{A)'^ C TbG^ back to the 
origin hence to obtain a 6 dimensional complex subspace {TbO{A)'^) C TgGf = 02 • Define 

C:={he 0(A)^ I dimc( 5 az,nL^J( 7 ), 6 >(A)C)) = 3 and dimc(s«z, nL^J(r;, 6 »(A)C)) = 3} . 

Since 02 = 5ab(BSab with corresponding Jab-Qi^ 02 clear that 0 ^ C ^ 6 )(A)‘^ consists of those 
points h G (^(A)*^ where 7^ restricts well to the complex subspaces {ThO{A)^) C 02 • Our aim is 
to demonstrate that in fact 0 7 ^ C = (7(A)‘^ by evoking a standard closed-open argument and exploiting 
the connectedness of the complex conjugate orbit G(A)‘^. 

First we make sure that C is not empty. The standard root basis in 02 looks like^ 

{Ha,±b: V± 1 , y± 2 , y±3, t/±l, f/± 2 , ( 2 ) 

where a G (M \ {0}) U {00} and & G M \ {0} (this parameter space is homeomorphic to C+ U C“). It 
has the following pleasant properties: first {Ha^±b} span the complexified Cartan subalgebra C 02 ; 
second {Ha,±b,V±k} with k = 1,2,3 span su(3)‘^ C g^; third {Ha,+b,V+i,V^ 2 ,V^ 3 ,U+i,U^ 2 ,U+ 3 } 
span the complete family of (solvable) Samelson subalgebras Sab C 02 parameterized by C+ U . In 
addition we find that Ha.+b = Ha-b^ V+k = V-k and U+k = U-k hence the remaining basis elements 
span the complex conjugate subalgebra Sab C 02 • Consider A G 02 satisfying exp A = A; then any 
curve in our conjugate orbit ( 1 ) looks like 1 1 —)■ exp(tA) exp A exp(—tX) hence its tangent vector, when 
translated back to the origin, is [A, A] G 02 • Taking the vector space decomposition 02 = ©su(3)‘^ 

and recalling that 0(A)‘^ = G 2 /SU( 3 )‘^ we find L^^(7 aG(A)‘^) = [m‘^,A] = because A G t)*^. 
However 


= spanc(t/±i,f/±2,C±3) 

Safe = spanc(//a,+fe,y+i,V-2,y-3,C+i,t/_2,C+3) 

Safe = Spanc(//a-fc,^-l,^+2,y+3,C_i,t/+2,C_3) 

^An explicit matrix representation of the members of this basis will be exhibited soon in Sect. 3; therefore the interested 
reader can check all assertions about this basis by hand. 
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for all a, & consequently 

5afcnL^],(rA6>(A)'^) = = spanc(C/+i,t/-2,t/+3) 

5flinL^J(rA<9(A)'^) = = spanc(C/-i,t/+2,t/-3) 

demonstrating that dimc(Sflft nL^|^(rAO(A)‘^)) = 3 and dimc(Sflft nL^]^(rAO(A)‘^)) = 3 i.e., A e C. 

Second we prove that C is closed in 0(A)‘^. Consider a sequence C C converging to a point 

h e 0(A)‘^. We have dime0(A)'^)) = 3 as well as dimc(Safc nL^,^^(r/, 0(A)‘^)) = 3 for 
all 7 = 1 , 2 ,... hence taking into account the lower semicontinuity of the intersection dimension 

dime (SflZ. n J (r/, O (A) '^)) = lim dime n O (A) '^)) ^ 3 

y—).+oo J 

dimciSabnL]^l{ThO{A)^)) = lim dime( 5 flZ.O(A)'^)) ^ 3 . 

y—>-+oo J ■' 

Assume for instance that dime(5afc J (r/,0(A)‘^)) > 3. Knowing that dime(C^ J (r/,0(A)‘^)) = 6 and 
Sab E\Sab = {0} we would also find in this case that dime(Sflft fiL^J {ThO{A)^)) < 3 which violates the 
second inequality. The case of dime(Sfl^ r\L^^{TbO{A)^)) > 3 leads to a similar contradiction hence 
we conclude that h EC. In other words C is closed in 0(A)‘^. 

Third we show that C is open in 0(A)‘^. Take the Ad-invariant Hermitian scalar product 

{V,Wf :=tr{VW'^) (3) 

on 02 C C(7). Given a point h E 0(A)consider the two orthogonal projections P : ^ Sab satisfying 

PSab = Sab and PSab = 0 and the other one 2;,: 02 ^hl (^a<^(^)‘^)- Then 

Lim {PQbY : 0 ^ ^ Saft HL,J(TaO(A)^) 

y->+oo 

is the orthogonal projection onto the intersection where Lim denotes the operator norm limit. Since in 
finite dimensions this is equivalent to taking limit with respect to any matrix norm, limit in operator 
norm implies entriwise limit therefore 

dimc(SflfcnL^J(r/, 6 >(A)'^)) = tr Lim {PQhy = lim ir{PQhy = lim (pi (fi) H- ^ plyh)) 

j^+oo j^+°° V / 

where {pi (fi),..., pi 4 (h)} cC denotes the spectrum of PQh acting on the 14 dimensional space 02 • It 
follows on the one hand that /i„(fi) = 1 or 0 ^ |/i„(fi) | < 1 because Lim (PQh)^ hence its eigenvalues 

exist; on the other hand if a specific eigenvalue continuously changes for example from /i„(fi) = 1 to 
Pnih') y 1 (or conversely) as h approaches h' then pi{h) and pi{h') behave differently when j -E -|-oo 
hence the intersection dimension can jump suddenly. Therefore we have to compare the spectra of the 
two operators PQh and PQh'- Take a fixed g E G 2 , unique up to multiplication from the right by an 
element of 811(3)*^ C G 2 , to write h = gAg^^. Then 

Lll(nO(\f) = g yi(T^O(Af)) = Ad, (Lx;(rAO(A)‘:)) (4) 

consequently if h' = egA(eg)^^ where e G t/g C G 2 is an element close to the identity e E G 2 then 
PQh' = T’AdeQ/jAdg ^ Therefore the two spectra coincide if P and Ade commute at least as M- 
linear operators on the 28 real dimensional simple real Lie algebra (02 )*• This Lie algebra admits 
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an Ad-invariant complex structure I coming from multiplication by ^/^ on The invariant com¬ 
plex conjugation on (02 )* corresponding to / has real eigenvalues ±1 hence has eigenspaces invariant 
under Ad. Therefore the real adjoint representation of (G 2 )* on (02 )* is reducible and decomposes 
into a direct sum of two copies of isomorphic 14 dimensional representations with a corresponding 
invariant projection. However in fact all 14 dimensional real subspaces are real Ad-invariant, hence 
in particular the vector space decomposition (02 )* = ©s*^, too. The corresponding projection P 

therefore satisfies PAdg = AdgP yielding PQ^ = PAdgQ/jAdg ^ = AdePQ/jAdg ^ on (02 )* demon¬ 
strating Pnih') = lin{h) for all n = 1,..., 14. We conclude 

dimc{,Sabf^L]^\iTyO{A)'^)) = ^hm^ (/?') H-^lim^ (/i)-]- 'r 

= Aimc{Sab^L-^l{ThO{Af)) 

convincing us that dim(c(Sflfe J(P/,0(A)‘^)) is locally constant. In a similar way we conclude that 
dimc( 5 a^ nL^J(r/,0(A)‘^)) is also constant locally. Therefore if /i G C and h' G C)(A)‘^ is another 
element in the vicinity of/i then dimc( 5 afc nL^/^(r/,/0(A)‘^)) = 3 and dimc(SafcnL^^^(P/,/<9(A)‘^)) = 3 
yielding h' G C. Consequently C is open in ^(A)*^. 

Summing up, the set C is not empty and is both closed and open in 0(A)‘^ therefore taking into 
account the connectedness of 0(A)= (5^)*^ = TS^ we conclude that actually C = 0(A)This 
implies that over all h G 0(A)‘^ the Samelson decompositions ThG^ = Lh^Sab ® Eh*5ab induce vec¬ 
tor subspace decompositions P/, 0 (A)‘^ = Zab®Zab where Zat := {Lh^^ab) E\ThO{A)‘^ and Zab '■= 
{LhfSab) n P/,0(A)‘^, both having complex dimensions 3. If /z G 0(A) C 0(A)‘^ is a real point then 
ThO{A) ©RC = P/, 0 (A)‘^ consequently the decomposition TbO{A)'^ = Zab®Zab gives rise to a com¬ 
plex vector space structure on the underlying real vector space P/,0 (A) by the general theory. In this 
way 0(A) inherits an almost complex structure. But this almost complex structure is nothing but the 
restriction of the integrable Samelson one Jab of G 2 onto 0(A) C G 2 hence 0(A) is in fact a complex 
submanifold Aq/, := {0{A),Jab\o{A)) of Yab = {G2,Jab)- Putting another way if Sab © G 2 denotes the 
complex Lie subgroup to 5ab C 02 then the factorization Yab = G 2 /Sab is compatible with 0(A)‘^ C G 2 
and gives rise to a complex manifold Xab = 0(A ){Sab © 0(A)‘^). Finally note that Xab is diffeomor- 
phic to the 6 -sphere. O 

Remark. 1. It follows that Xab is not not a homogeneous complex manifold—in spite of the fact 
that all the Ta/,’s are. For it readily follows from (4) that its individual complexified tangent spaces 
L^J(P/,0(A)‘^) embed differently in 02 as G 0(A) runs over the orbit hence they inherit different 
infinitesimal complex structures. 

2. We will see in Lemma 3.1 that O(A^) = 0(A) hence repeating everything with the apparently 
different twin conjugate orbit O(A^) does not yield new complex manifolds. Likewise, Theorem 3.1 
will show that in fact all the A^/j’s are complex analytically isomorphic to a unique space A. 

Before turning to the explicit construction let us examine certain properties of a complex structure on 
the six-sphere. On the one hand Gray [5] found in 1997 that if A was a hypothetical complex manifold 
diffeomorphic to S^ then //®’^(A) = C and raised the question how to interpret the generator of this 
cohomology group. In addition Ugarte [13, Corollary 3.3] proved in 2000 that either (i) (A) ^ {0}, 

or (ii) //^’^(A) = {0} and //®’^(A) ^ {0}. Therefore 7/®’^ (An/,) = C moreover either 7/^’^ (A^/,) ^ {0}, 
or {Xab) — {0} und H^’^{Xab) ^ {0}. On the other hand Pittie [10, Proposition 4.5] calculated in 
1988 the complete Dolbeault cohomology ring of Yab und in particular demonstrated that H^’^{Yab) = C, 
H^-^{Yab) = C and H*^’^{Yab) = {0} for all moduli parameters a^b. Now we make a contact between 
these pieces of data: 
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Lemma 2.1. There exists an isomorphism i* : H^'^iYab) —)■ H^'^iXab) induced by the complex-analytic 
embedding i : Xab —)■ Yab ■ Moreover H^'^iXab) ^ {0} and i* : H^’^(Yab) ^ is isomorphism 

too, implying {Xab) - {0}. 

Proof. According to a result [10, Proposition 4.5] the Dolbeault cohomology ring of Yab is either the 
pure exterior algebra A(x®’^ y\ ) or the mixed algebra A(x°’^ ^) 0 r C[y^’^] /((y^^depending 
on the moduli parameters a, b. This will be used below to obtain the relevant groups HP’^{Yab). 

First consider the cohomology in degree 1. Let 0 f cp E (Yab) be ^ representative of the gen¬ 
erator of H^’^{Yab) — C. By the complex-analytic nature of the embedding i*(p = (p\xab ^ 
satisfies d{(p\x^i^) = {d(p)\x^^ = 0 therefore (plx^b descends to a representative of a cohomology class in 
= C, too. If 0 7 ^ i// G fl^'^{Xab) is a representative of its generator then there exists c E C 
and smooth / : Xab C with the property (p\xah = cy/ -E df. If c 7 ^ 0 then the cohomology class of 
<p\xab i'^ H^’^i^^ab) is non-trivial yielding that i* is surjective therefore injective as well hence we are 
done. Assume that c = 0. This means that y)\xab = hence i* : fjOA (^Xab) is the zero map. 

We proceed now as follows. We already know that H^dfXab) = C and H^d[Yab) = C but in addition 
H^'^{Yab) = {0}. Putting all of these into the relative Dolbeault cohomology exact sequence of the 
complex-analytic embedding i : Xab Yab we find 

...^ H^^\Yab) ^ H^^\Xab) H^^^{Yab,Xab) H^HYab) 


C C {0} 

hence deduce an isomorphism H*^’^{Yab , Xab) — C. This tells us that there exists a (0,2)-form ft) on Yab 
which is (9-closed over Yab and not (9-exact over But the other isomorphism= {0} also 
says that co is both <9-closed and (9-exact over the whole Yab hence in particular over leading us to 
a contradiction. Consequently the assumption that c = 0 was wrong that is, i* : H^d(Yab) -E {Xab) 
is surjective or injective hence is an isomorphism as stated. 

Next consider the cohomology in degree 2. Let 0 7 ^ ft) G Q}d(Yab) be a representative of the gen¬ 
erator of H^d^Yab) = C. By the aid of the cohomology ring structure Xqj a ■ ■ ■ A ft) (7-times) is not 
in the trivial class in taking a modification ft) i-)- ft) 4 - ddf if necessary, where f : Yab ^ C 

is a smooth function, we can suppose that both Reft) and Imft) are real positive (1,1)-forms. Conse¬ 
quently we can regard Reft) as the associated (1, l)-form of a Hermitian metric hab on Yab- Therefore 
by Wirtinger’s theorem 

Vol(Aafc) = ^ J ReG)AReft)AReft)>0 

ttab 

and the same holds for Im ft). Hence ft) \x^^ = Re ft)-|- \/^Im (0\xab not in the trivial class demon¬ 
strating//bi(x„^) ^ { 0 }. 

Finally, collecting information again from the cohomology ring, the following part of the relative 
Dolbeault cohomology sequence 

...^ H^’^{Yab) A H^’HXab) H^’^Yab^Xab) H^’^Yab) 


{ 0 } { 0 } 

yields H^’^{Xab) = {Yab,Xab). But {Yab,Xab) = {0} because H^’^{Yab) = {0} as in the consid¬ 
erations in degree 1 above. Therefore, H^^^{Xab) = {0} as stated. O 
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The six-sphere as a eomplex manifold is not homogeneous in accordanee with our previous observa¬ 
tions. Consequently blowing it up once in points belonging to different orbits of its automorphism 
group brings to life spaces which are all diffeomorphic to the complex projective three-space but not 
complex-analytically isomorphic to each other [6]. LeBrun calls in [8] the existence of such exotic 
’s a “minor disaster”. Here we report on a further disaster namely the existence of exotic ’s in a 
similar sense: 

Lemma 2.2. Let xq G Xat be a point and consider the punctured complex manifold := Xab \ {.vq}. 
Then the space X^^ is diffeomorphic to €? but is not complex-analytically isomorphic to it. 

Proof Obviously is diffeomorphic to \ {xq} i.e., to like does. Let / : ^ C be 

a holomorphic function. By Hartogs’ theorem it extends to a holomorphic function F : Xab C. 
However F must be constant [2] consequently / is constant on as well. Since there exists an 
abundance of non-trivial holomorphic functions on we conclude that and are not complex- 
analytically isomorphic. O 


3 Explicit construction 


The six-sphere as a complex manifold is not easy to grasp. Since Xab is a compact space it cannot be 
embedded into the affine complex space of any dimension; likewise H^{Xab',G.) = {0} shows that it 
is not Kahler-Hodge consequently it does not admit an embedding into any projective complex space. 
Therefore its realization as a complex submanifold of some well-known complex manifold fails (we 
rather would avoid to call the non-Kahler compact 7-manifolds Yab well-known). Another odd feature 
is that the algebraic dimension of Xab is zero [2] which means that all global meromorphic functions 
are constant on it consequently the powerful methods of complex analysis also fail to say anything 
here. However at least one can seek the almost complex tensor field underlying Xab- Therefore in this 
section we calculate this integrable almost complex tensor on explicitly but already warn the reader 
in advance that the result is so complicated that we decided not to display it. In spite of this we write 
down carefully the main steps hence the curious (and computer-aided) reader can easily reproduce the 
calculations and face their quantitative complexity directly. 

We begin with an explicit construction of the Samelson family Jab of all the integrable almost 
complex tensor fields on G 2 as we promised in a footnote of Section 2. We also promised in another 
footnote there to write down the root basis (2) of the 14 dimensional explicitly. So let us start with 
this. Our representation of the basis is the smallest possible one and is provided by the embedding 
g 2 C 30(7)*^ therefere is in terms of 7 x 7 complex skew symmetric matrices. The corresponding 
matrices are normed with respect to the Ad-invariant Hermitian scalar product (3) and look as follows: 


Hrl +h — 


2s/a^ -f b^ 


000 
0 0 —a 

0 a 0 
0 0 0 


0 0 
0 0 
0 0 
0 


0 0 0 0 
0 0 0 0 0 


0 

0 

0 

0 

0 

-a=F^/^Z? 


0 0 0 0 0 a±y^b 0 


with a,& G M and a> O^bfO 


and one checks that {Ha^±b} span the 2 dimensional complex Cartan subalgebra of C g^; moreover 


/o 0 0 0 0 0 o\ 

00 0-1 =Fa/^ 0 0 

loo 0 -1 00 

v±l = 0 1 0 0 0 0 

^ 0 ±v^ 1 0 0 0 0 

\oo 0 0 000/ 

\0 0 0 0 0 0 0/ 
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V±2 


V±3 


1 


1 


/O 0 
0 0 
0 0 
0 0 
0 0 
0 1 
Vo =F\/^ 

/O 0 0 0 

/ 0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 1 
Vo 0 0 


0 0 \ 
-1 ’ 
±v^ 1 

0 0 
0 0 


0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
=Fa/^ 0 0 
-1 0 0 

0 
0 
0 
0 

0 ±^/^ 1 I 

=F\/^ 0 0 I 

-10 0 / 


0 0 

0 0 

0 0 

1 j_- / r 




and one checks that V±i,V± 2 , ^±3} span the (maximal) subalgebrasu(3)‘^ C 02 ^ and finally 


U±i 


1 

2 V 6 


U±2 


1 

2^ 


t/±3 


1 

2^ 


/ 0 =f2v^ -2 0 0 0 0 \ 

±2x/2T 0 0 0 0 0 0 

2 0 0 0 0 0 0 

0 0 0 0 0 -1 ±v^ 

0 0 0 0 0 =Fa/^ -1 

0 0 0 1 0 0 

Vo 0 0 =Fv^ 1 0 0 / 

/ 0 0 0 ±2v^ 2 0 0 \ 

0 0 0 0 0 -1 ±x/^ 

0 0 0 0 0 =Fa/^ -1 

=F2x/^ 0 0 0 0 0 0 

-2 0 0 0 0 0 0 

0 1 ±x/^ 0 0 0 0 

V 0 3=7^ 1 0 0 0 0 / 

/ 0 0 0 0 0 2 =f2xA=T\ 

0 0 0 ±v^ 1 0 0 

0 0 0 1 0 0 
0 =F^/^ -1 0 0 0 0 

0 -1 ±v^ 0 0 0 0 

-2 0 0 0 0 0 0 

V±2x/^ 0 0 0 0 0 0 / 


and one checks that V_ 2 ,^- 3 ,t^+i,t^- 2 ,t^+ 3 } span the (solvable) Samelson subalgebra 

Sab C 02 ; hence the remaining basis vectors V+ 2 ,y+ 3 ,t/-i,t/+ 2 ,t^- 3 } form a basis in the 

complex conjugate subalgebra C 02 • 

Consequently picking a, + \/^ bi G C to write an element W G Sab as 


W := 2^/a^ + b^ {ao + \/^ &o)/4,+i, 

E2V2{a4 + b4)V+i + 2V2{a5 + ^ 5)^-2 + 2V2{ae + ^ be)V^3 

+2\/6(ai + \/^&i)17+i +2\/6(a2 + \/^Z72)t^-2 + 2\/6(a3 + \/^b3)U+3 


and putting Jab : 02 — > 02 to be /^^.(Reiy) := — Imiy dictated by the general theory we obtain an R- 
linear transformation Jab G End 02. Its action on 


Rely 


/ ° 

-2*1 

2b 1 

—2ai 

-2*2 

202 

203 

21)3 

0 

—aaQ 

—04—1)3 

03+1)4 

-02-05 

-1)2-1)5 

2a 1 

auQ 

0 

03—1)4 

-04+1)3 

b2~bs 

-02+05 

2b2 

04+^3 

-03+^4 

0 

bbo 

~a\ —a^ 

-1)1-1)6 

-2a2 

—a^—bi, 

04—bj 

-1)1)0 

0 

b\-b(, 

-01+05 

-203 

V-2fc3 


-h+bs 

ai +(^5 

-bi+bfi 

0 

—000+1)1)0 

h+h 

a2—as 

bi+b^ 

ai —^5 

aoQ—bbQ 

0 
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is by definition 


ImW = 


0 

2fli 

2*1 

-2o2 

-2*2 

- Ib ^ 


— 2 a \ 

0 

0*0 

—03+*4 

a 4 — b 2 

*2+*5 

—02—05 

-2*1 

—fl*0 

0 

— Ui ^— bo , 

03 +*4 

02 —O5 

* 2-*5 

2 a 2 

a 2 ,— b 4 a 4+*3 

0 

—bao 

*l+*6 

-01-06 

2*2 

—a4+*3 — a ^— b ^ 

-*Oo 

0 

Ol-Og 

*l-*6 

2*3 

-* 2-*5 -02+05 

-*l-*6 

—Ol +O5 

0 

O* 0 +*O 0 

—2a3 

02+05 —* 2+*5 

Ol+Og 

-*l+*6 

— abQ—boQ 

0 


hence we immediately check that 7^^ = — Idg 2 . The shape of Jab can be read off from these matrices 
more explicitly if we introduce the real orthonormal basis 


/ c?- + 




^ ^ {Ha+b-Ha-b)-^H+ 


1 

\/±2 

1 

a/ ±2 


(f/+,±t/_,) , k= 1,2,3 
(V+fc±V_,) , k= 1,2,3 


(note that are already independent of a,b) on the underlying real Lie algebra 02 C M(7) equipped 
with the Ad-invariant real scalar product (V, Vk) := tr(y W^). A straightforward computation verifies 


JabH+ — —7^H+ + 


iVSa V3bJ 

Jab^+k 

JabY+k ~ Y—k 


V3b b 

A-H 
2a 2a 

Jab^-k = ~Y^+k 

JabY—k — Y^k 


for all k = 1,2,3 i.e., Jab is simply blockdiagonal on 02 in this frame. Although introducing this basis 
was natural because it is orthonormal for the Ad-invariant scalar product, the most important complex 
structures, namely the orthogonal ones, do not show up in it. Therefore we pass to a new basis on 02 by 

applying the SL(2,M)-transformation := f-X ^ 1 leaving the other 


base vectors unaffected. In this new (still orthogonal but not normalized) basis {/i±, X±k , Y±k} with 
k= 1 , 2 ,3 the map Jab takes the slightly modified shape 


b V3b 

Jab h-\- ~ fi-|- H T , Jab 

2a 2 

Jah^+k ~ A: ? Jab^—k ~ 

JabY^k Y^b I JabY—k 


2y/3a 


2 Vib 


2a 


for all k = 1,2,3. In this picture we can take the limit a —)■ 4 -°° and set b := yielding precisely 
two almost complex structures which are orthogonal with respect to the real scalar product on 02 i.e., 
(JV,V) = 0 and |/y| = |y| for all T G 02 - Note the existence of other almost complex structures at 
a = -t-00 with h G M \ {0}. But even more, the parameter a can be extended further down to negative 
reals leading finally to the full moduli space parameterized by a G (M\ {0}) U { 00 } and b G M\ {0}. Via 
the map (a, b)v^^-\- \/—1 b it is homeomorphic to C+ U as stated in [10, Example on p 123]. This 
completes the construction of all the integrable almost complex tensors Jab on G 2 a la Samelson. 
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Our next task is to restrict Jab onto the conjugate orbit (1) and then transfer it to S^. Recall the 
classical fact that G 2 coincides with the automorphism group of the octonions over the reals; this 
important fact has not been used so far explicitly. Indeed, we will realize 0(A) c G 2 as the subset 
of inner automorphisms of the octonions. Let O denote the non-associative, unital normed algebra of 
the octonions (or Cayley numbers) over the reals. In the canonical oriented basis {eo, ei,..., 67 } the eo 
plays the role of the unit hence ReO := Meo C O is the real part. To be absolutely unambiguous we 
communicate our convention for octonionic multiplication here: 



eo 

ei 

e 2 

e3 

e4 

es 

eo 

e? 

eo 

eo 

ei 

e 2 

e3 

e4 

es 

eo 

e? 

ei 

ei 

-eo 

e3 

-e 2 

eo 

-e4 

-e? 

^6 

e 2 

e 2 

-es 

-eo 

ei 

^6 

e? 

-e4 

-eo 

es 

e3 

e 2 

-ei 

-eo 

e? 

-eo 

eo 

-e4 

64 

e4 

-es 

-eo 

-e7 

-eo 

ei 

e 2 

es 

es 

es 

e4 

-e? 

^6 

-ei 

-eo 

-es 

e 2 

^6 

eo 

e? 

e4 

-es 

-e 2 

es 

-eo 

-ei 

ev 

e? 

-eo 

es 

e4 

-es 

-e 2 

ei 

-eo 


(actually there are many different conventions in use). The basis above gives rise to a canonical M- 
linear isomorphism of oriented spaces (O, eo,..., 67) = We can use the standard scalar product on 
to define ImO := (ReO)^ C O and introduce a multiplicative norm | ■ | on O. Then canonically 
(ImO, ei ,..., 67) = and in this way we can look at the six-sphere as the set of imaginary octonions of 
unit length i.e., we will suppose C ImO. If m, v G O and v 7 ^ 0 then the identity of elasticity convinces 
us that (vm)v~^ = v(mv^^) hence it is meaningful to talk about inner automorphisms of the octonions. 
An important result [7] says that a non-real octonion v G O gives rise to an inner automorphism if and 
only if 4(Rev)^ = |vp i.e., 3(Rev)^ = | Imvp holds. Note that this condition implies is a non-zero 
scalar therefore it corresponds to the trivial automorphism of O. Picking an x G 5^ the non-real octonion 
V := eo + \/3x satisfying = — 8 eo gives rise to an inner automorphism (parantheses can be omitted) 

Ml—)■ (eo + \/3x)M(eo + \/3x)”^ = + V3 x)u{eo - V3 x) (5) 

and all inner automorphisms of the octonions are of this form. In this way we get a remarkable map 

/:S^-gG2. (6) 

Knowing that ReO is invariant under all automorphisms and that the corresponding reduced linear map 
of ImO is an orientation preserving orthogonal transformation of we can embed G 2 into SO(7). 

Under the canonical isomorphism (ImO,ei,... ,67) = we put x = xiei -I - \-xqeq and the image 

f{x) of the map (6) at x takes the shape 


/X\ 

/ ^2 

/ I 


-X3+V3xiX2 

x-i+'Jl,X2X\ 

—X 2 -\-\rix 2 ,X\ 2:1+vT2:3X2 
Xi+V^X4Xi xg-I- 3 / 32 : 4 X 2 
—X4 + V^XjXl X7 + 3/3X5X2 
—Xv + vTxgXl —X4-73/3X6X2 
X6+3/3X7X1 —X5-I-3/3X7X2 


X2+3/3X1X3 
—Xl-73/3X2X3 

” 73 + 2/323 

X7+3/3X4X3 
-Xg-73/3X5X3 
X5-73/3xgX3 
—X4-73/3X7X3 


—X5+3/3x1 X4 
—Xg-73/3X2X4 
—X7+3/3X3X4 
-^+3/3x| 

Xl-73/3X5X4 
X2-73/3x5X4 
X3-73/3x7x4 


X4+3/3X1X5 
—X7 -73/3x2x5 
X6+3/3X3X5 
—Xl -73/3X4X5 

-X3-73/3x5X5 
X2+3/3X7X5 


X7-73/3xiXg 
X4-73/3x2x5 
—X5 + 3/3x3Xg 
—X2 + 3/3x4Xg 
X3-73/3x5X5 

-^ + 2/3x2 

—Xl+3/3X7 Xg 


—Xg-73/3x1X7 

X5+3/3X2X7 
X4+3/3X3X7 
—X3-73/3x4x7 
—X2-73/3x5X7 
Xl-73/3X5X7 
-^-73/3x2 ^ 



G. Etesi: Explicit construction of the complex structure on the six-sphere 


12 


of a 7 X 7 special orthogonal matrix with xi,... ,X 7 G M satisfying xf-i - \-x^ = 1. It readily follows 

from (5) or by a direct computation that /(x)^ = Idj^? and /(x)x = x i.e., Rx := /(x) is a degree ^ 
rotation about the axis through x G Likewise, since A G Z(SU(3)) = Z 3 satisfies = e G G 2 it is 
also true that = e for all h G 0(A). In fact the two subsets f{S^) and 0(A) of G 2 are nothing but the 
same (cf. [3, pp 160-161]): 

Lemma 3.1. The conjugate orbit 0(A) C G 2 of(l) and the image f{S^) C G 2 of the map (6) coincide 
as subsets within G 2 i.e., 0(A) = f{S^). Moreover 0(A) = O(A^), where O(A^) = {gA^g^^|g G G 2 } 
is the conjugate orbit passing through the square of the generator G Z(SU(3)) C G 2 . 

Proof. We quickly observe /(ei) = A G Z(SU(3)) C G 2 . Therefore the action m i-)- Am on m G O arises 
from the inner automorphism mi-)- (eo -b \/3 ei)M(eo -b \/3 ei)^Mn (5). Now pick g G G 2 then the 
twisted action u i-G- (gAg^^)M looks like 


(gAg ^)m = g(^(eo-by3ei)(g ^M)(eo-bTSei) =-ig(^(eo-by3ei)(g ^M)(eo-by3ei)^) 

= -^g(eo + \/3ei)M(g(eo-b\/3ei))^ = -i(eo-b\/3(gei))M(eo-b\/3(gei))^ 

= (eo + y3(gei))M(eo-by3(gei))^^ 


consequently it stems from an inner automorphism by v := eo -b \/3(gei). Therefore /(gei) = gAg^^ 
and taking into account that G 2 acts transitively on C ImO (with stabilizer subgroup SU(3) C G 2 ) 
we conclude that f(S^) = 0(A). 

The fact /(—x) = /(x)^ = /(x)”^ gives the identity /(±x) = /(x)^^ for all x G S^. Therefore 
/(±ei) = /(ei)^^ = A^^ yielding /(—ei) = A^^ = A^. Taking an element g G G 2 (unique up to 
multiplication from the right from SU(3) C G 2 ) satisfying gei = —ei we can write A^ = gAg~^; hence 
the two conjugate orbits of A and A^ in G 2 are not distinct consequently they must coincide. O 

Let /(x)* : TxS^ —)■ 7 /(^)G 2 be the derivative (linear) map of ( 6 ) at x G 5^, G TxS^ a tangent vector and 
/(x)*(^ G Tfi^x)^! its image. Exploiting the equality f{S^) = 0(A) C G 2 of Lemma 3.1 we can more 
accurately write /(x)*<^ Gr^( ;c)0(A) C ry(jj)G 2 . Putting ^ - b <^767 it follows that 


fix)* 


& 

^4 

\ / 


3 

2 


/ -:jj^5+Xl^4+X4^1 ■^^4+Xi^5+X5^i 

't.X2^2 ^ ^^\~t-X2^2+X2^2 ^■^' 56 + 4 ; 2 <^ 4 +-'^ 4 & ~-^<^ 7 +-*^ 2 &+-'^ 5 & 

-^^1+X2^\+Xi^2 ■^^l+X2^2+X2^2 2x3^3 -■^'?7+4:3<^4+-'^4^3 -;^^6+X3^5+X5^3 

-^^3^X4^X+X\^4 -E^(,^x^i;,2+X2^4 -^^l-^X^^3+X3^4 2x4^4 -^^1+X4^5+X5.^4 

-^^.rX5^l+Xi^3 .^^2+Xs^2+X2^5 ~^^6+X5^3+X3^5 .^^l+X5^^X4^3 2x5^5 

-^'57+2:6^1+Xi^6 ~^^+X6^2+X2^t, -^^5+X6^3+X3^6 -^^l+Xe^+X^^f, -^^3+X6^5+X5^6 

\ :^^6+-'^7^1+2;1'57 -:^'?6+-*7&+-':2^7 - ^^+Xl^3+X3^2 ;^&+-«7'54+4^4'57 -^^l+Xj^S+Xs^j 

.^^1+Xi^f,+X6^l -^.56+Xi^7+X7^i\ 

■^^4+4:2'?6+2:6fe ■^^5+X2^1+Xi^2 

“^&+4:3^6+2^6& .^^4+X3^1+Xi^3 

~;^'?2+4^4^6+-'^6<?4 “;^&+4^4<^7+-«7^4 
-^^3+X5^6+X6^5 -^^2+Xs^2+X2^3 

2x 5(^5 -^(^l+X5(^7-t-X7(^5 

I? 1+4:7 ^6+416 ^7 2X7^7 y 
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out of which we compute (but already unable to plot) ^ {f{x)^^) G ^ (ry(^)O(A)) c TeG 2 = 02- 

In less faney notation this is equal to the matrix produet /(■r)^^(/(x)*(^) G M(7). Given E TxS^ 
it is possible to eompare their standard sealar produet within and that of their images in 02 

equipped with its Ad-invariant real scalar product. An elementary but exhausting computation yields 

(/W-'(/W4)./W-'(/W.»i)) = 9{^, 

Consequently if ,..., r],...} is any orthonormal oriented basis in TxS^ then an indueed orthonor¬ 
mal frame is ..., .. } within the real 6 dimensional subspace 

LJ^^)^{Tf(^x)0{A)) C 02- In this basis the off-diagonal and the diagonal matrix elements of the restrie- 
tion Jab\o{A)^ left-translating to 02, have the form 

respectively. These matrix elements of Jab\o{A) will not be eonstrueted here. 

Rather let us seek a matrix representation of the induced almost eomplex strueture on itself. 
For simplicity we eontinue to denote by Jab the almost eomplex tensor held on S^. Then a typieal 
off-diagonal matrix element of Jab\x '■ TxS^ -E TxS^ looks like 

{Jab^,ri)x = (^Jab {Jabifix)^)) , p)x 

where the translation invarianee f{x)Jabfix)~^ = Jab of the Samelson almost complex tensor on G2 
was used moreover /(x)~^ : ry(^)0(A) —)■ TxS^ is the inverse of /(v)* : TxS^ —)■ ry(^)0(A). The easiest 
way to get it is to take a eurve x{t) = x-\-t^ on 5^ and differentiate the eigenvalue equation 
f{x{t))x{t) = x{t) with respeet to t G M. The t-linear term yields the identity f{x)^ -|- {f{x)^^)x = ^ 
consequently with any A G Tf(^x)0{f^) we obtain a formal expression f{x)f^A = ((Id^v —/(v))"^A)x 
for the inverse. Actually this expression is indeed formal only beeause the matrix Id^? — fix) is not 
invertible. To overeome this difheulty piek 5 G M, denote s ■ Id^v simply by i'RV and ealeulate the 
inverse /(x)”^ : 7y(^)G(A) —)■ TxS^ by a regularization: for any A G ry(^)G(A) put 

/(x):7U:=lim((%7-/(x))^U)x . 

This formula is meaningful if we understand that x G C is a vector acted upon by the matriees 
A G M(7) and then by (%? —/(x))~^ G M(7) with 5- 7^ 1. Moreover it satishes fix)f^ (/(x)*(^) = ^ for 
all X G and ^ G TxS^ as well as /(x)*(/(x);7^A) = A for all A G Tf(^x)OiA) therefore as the inverse 
works well. A direet eomputation making use of all the orthogonality relations 

Xj H-hXy = 1 

+ + =1 

^ hl^ + '-' + h? =1 

Xi<^lH-hX7(^7 =0 

XlhlH-f-X7777 =0 

, + + =0 

obeyed by (^,77 G TxS^ as vectors in shows that a typical off-diagonal matrix element iJab^i't])x 
looks like 

^ Pab,ijixi: ■ ■ ■ ■)X'j)^iPj 


( 7 ) 
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where Pabjj : ^ M with ij= 1,..., 7 are as many as 49 explicitly given real non-homogeneous 

quartic polynomials. It turns out that Pabpi = 0 but otherwise they are highly non-trivial.^ The longest 
polynomials contain approximately 60, possibly even constant, terms. Therefore a typical off-diagonal 
element of Jab\x '■ TxS^ TxS^ in a generic basis is built up from about 2500 at most quartic monomials. 
In the same fashion the diagonal entries are 

and these {Jab ^, ^ )x take the shape 

Qabip^t: ■ ■ ■ 1^1^ E ^ Qabpjip^t: ■ ■ ■ ( 8 ) 


where Qab: Qab,ij : —)■ M with i = 1,..., 7 and j = are further 1 -f- 28 = 29 explicitly given 

real non-homogeneous quartic polynomials. Again Qabpi = 0 but otherwise they are not identically 
zero.^ The complete tensor Jab over .r G in the generic orthonormal frame is therefore a 6 x 6 real 
matrix consisting of roughly 8.5 x 10^ at most sextic monomial terms in the 21 variables .r,, rj^. with 
i,j,k= 1,..., 7. It is not an exaggeration to say that this matrix is out of control at this stage yet. 

Instead of struggling with an infinitesimal generic gauge we may try to write Jab down in some local 
specific gauge S^. This means that we wish to express the orthonormal vectors , t] G TyS^ in the matrix 
elements {Jab^ ■, V )y {Jab^ locally smooth functions of y G 5^ alone; hence Jably- TyS^ —^ TyS^ 

will depend only on yi,..., yv in this gauge as it should be. Introduce the 7x7 special orthogonal matrix 


By 


yi • 

• §1 . 

■ t?l ■ 


>"2 • 

• I2 • 

• ri2 ■ 

>"3 • 

• & ■ 

■ t?3 ■ 


M • 

. ^4 . 

• t74 . 


rs • 

• ks 

■ t?5 ■ 


re • 

■ ^6 . 

• Z?6 • 

7 

\yi • 

• kl ■ 

■ t?7 ■ 


(9) 


in order to denote an oriented orthonormal frame in TyS^ C in a compact form. Additionally, recall 
the well-known SU(3)-fibration ;ri : G2 —)■ via projection onto the column of a G2 C SO(7) 
matrix. This projection combined with (6) gives rise to an algebraic map ;ri o / : 5^ —)■ 5^ of the form 


Ki 


/ilW 


f 




2 


X'} + y/3x2Xi 
—X2 + V^X2Xi 
X5+1/3X4X1 
—X 4 + V^ 4 : 5 X 1 
-Xv + vTxgXi 
\ X6+\/3X7Xi / 


hence is easily seen to be onto the closure of the contractible open subset Ui C where we put 


Ui:={yeS' 




, z = 1,...,7 


^Precisely which Patjj vanishes of course depends on the way how the orthogonality relations above are used to perform 
simplifications. 

^The extra polynomial Q^b appears because the diagonal entries contain terms independent of ^ since the orthogonality 

condition -I -b ^7 = 1 holds. Moreover like in the case of the Patj/s the Qab,ii = 0 is the result of the particular way 

of using the orthogonality relations to carry out simplifications. 
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Taking into account that (9) is an SO(7) matrix and 7t^ n/(S^) C G 2 C SO(7) we specialize By 

further by demanding 

Byen^\y)nf{S^) if yeUi . 

Actually n/(S^) consists of precisely two matrices therefore we ehoose By {..., ,..., r],...) to 

belong to one branch hence , r], etc. depend smoothly on y G t/i. After solving ni{f{x)) —y for x we 
take for example 

I" xi = ^ ^/2yP^i 

< «= 7 Ji^(V 2 yi + l>'4-») 

«= 7i;^(»+^2yi + ly5) 

, (-J-T + V2y, + lw) . 

Obviously By with y G t/i arises by plugging XkS above into the matrix f{x) of (6). We see that in the 
first column of f{x) the x^s are indeed replaced by y^s and if ^ is the basis vector of TyS^ with its 
j* component in By then certainly <^j(yi, • • • A?) = {By)j,i+i in the choosen gauge. In a similar way we 
get Bkiyi, ■ ■ ■ , 77 )- On the one hand these are already quite eomplieated expressios; for instance if ^ is 
put to be the first basis veetor in (9) i.e., is identified with the 2’^^ column of By then its 3*^^^ eomponent 
(^3 is (By) 2,2 and looks like 

= y2^2yi + i ^^ (ji+y2-y3 + 2 ji + i)^ , yi>-^- 

But on the other hand beyond the standard orthogonality relations for y,,the equality By = Id^v 
yields further highly non-trivial identities among them valid only in this special gauge. Inserting these 
into the off-diagonal matrix elements (7) one gets 

{Jab^,'n)y^ L Pab,ij{yi,---,y7)^i{yh---,yi)rij{yi,---,yi) 

and into the diagonal ones ( 8 ) one obtains 

{Jab ^,<^)y = Qabiyi,-■ ■ ,yi) + Y, Qab,ij{yi,-■ ■ ,y7)^i{yi,-■ ■ ,yi)^j{yi,■ ■ ■ ,yi) 

respectively and in this way one comes up with the full matrix Jab\y '■ TyS^ —)■ TyS^ if y G f/i. Of course 
one ean do these substitutions however the size of the resulting 6 x 6 matrix function over Ui remains 
embarrassing. Finally, a collection of local gauges of this kind covering the whole arises as follows. 
Fix an index i G {1,...,7} and re-arrange (9) by putting the column of the yt’s to be the one. 
Likewise, consider the analogously defined further maps ;r, 0 / : 5^ —)■ projecting onto the eolumn 
hence mapping onto the closures of the other open subsets Ui C with i = 1,..., 7. Although the 
individual maps Tti o / are not surjective it follows from the fact 1 that {f/i,..., C/ 7 } comprises 

an open covering of S^. 

Despite its complexity, evaluation at a specifie point allows us to gain a eomprehensable view of 
Jab over Ui C S^. Consider the north pole y := ei G Ui with coordinates yi = l,y 2 = 0,... ,y 7 = 0 and 
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use our specific gauge 
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0 
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4/ 


to identify with Then a direct substitutiony = ei into the 36 matrix elements {Jab^,'t])y and 
{Jab^,^)y found above shows that Je^ := JabUi '■ -)■ takes a very simple form 


Jei — 


0 1 0 0 0 On 
-100000 
0 0 0 1 0 0 
0 0 -1 0 0 0 
0 0 0 0 0 1 
0 0 0 0 -1 0 ^ 


consequently in this (and in fact, all) basis over ei G C/i it simply coincides with the standard almost 
complex structure on R^ and in particular is independent of the moduli parameters a,b. Recalling 
Lemma 3.1 there exists an element gy G G 2 , unique up to multiplication from the right by an element 
of SU(3) C G 2 , such that y G t/i C 5^ can be written as y = g^ei and /(y) = f{gyti) = gyAgy^. Then 
consider the intertwining linear isomorphism defined through the chain of maps 


0 


y2,yi 


Ty,S^ 


/(yi)< 




"/hi)’ 


> 92 


Ad _i 
SyiSyi 


> 02 -^ Tf^y^^O{A) - 


T 


Its inverse saitsfies ©yjjyi = ®>'i,y 2 hence in particular 0^^ = 1 ^ 7 ^ 56 . The com¬ 

position rule 0 y 2 ,y®y,yi = ®y 2 ,yi holds. Note moreover that in order to get the actual matrix repre¬ 
sentation of 0 y 2 ,yi : TyiS^ —)■ Ty^S^ we have to identify the tangent spaces with R^ using the frame (9) 
corresponding to our gauge choice: if yi,y 2 G Ui one has to use By^ on Ty^S^ as well as By^ on TyiS^. 
Therefore specializing to yi := ei G Ui and yi ■= y ^ Ui and taking ^ G i.e., ^ is a (not first) 
column of Rei and p G TyS^ i.e., 77 is a (not first) column of By, the matrix coefficients of 0y^ei are 
computed as 


(0>-,ei<^ ,V}y^ (^lim 


-f(y)) V(j)Ad^^^^-i/(ei) V(ei)*<^ )y, 77 


Taking into account (4) it follows that Jy := Jab\y '■ TyS^ TyS^ with y &U\ factorizes as 

J — f) T (5) 1 

Jy — v7y^eiJei'“'y,ei 


that is, the almost complex tensor Jab continues to be independent of the moduli parameters over the 
whole open set f/i C S^. Similar computations provide us with the shape of the almost complex tensor 
over the other members t/ 2 , ■ ■ •, 6^7 C 5^ of the open cover. As an important by-product we obtain 


Theorem 3.1. All the complex manifolds Xab C Yab of Theorem 2.1 coming from restricting the Samel- 
son complex structures of G 2 onto its conjugate orbit are complex analytically isomorphic. Conse¬ 
quently there exists at least one compact complex 3-manifold X diffeomorphic to S^. 


This uniqueness result is in agreement with the conclusion of [4] obtained by different means. 
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4 Appendix: inner automorphisms and 7 r 6 (G 2 ) = Z 3 

To close we take a look of the conjugate orbit 0(A) C G 2 in (1) from a topological viewpoint. As 
we have seen in Lemma 3.1 it can be identified with the image of the map / : —)■ G 2 in ( 6 ); we 

demonstrate that in this form the conjugate orbit represents the generator of the sixth homotopy group 
of the automorphism group of the octonions. Consequently this homotopy group is non-trivial and is 
generated by inner automorphisms. We acknowledge that this group has been known for a long time 
[9, 3] and even our proof is essentially the same as that in [3]. Nevertheless we re-present it here just 
for completeness and fun. 

Theorem 4.1. There exists an isomorphism ;r 6 (G 2 ) = Z 3 . Moreover the map (6) constructed out of the 
collection of rotations induced by inner automorphisms (5) of the octonions, is a representative of the 
generator of this homotopy group. 

Proof Recall that Spin(7) C Cliffo(M^) = Cliff(M^) = M( 8 ) hence the unique spin representation of 
S0(7) acts on R^. This gives rise to an embedding Spin(7) C S0(8). The projection P : S0(8) —)■ 
sending a matrix onto its (let us say) first column restricts to Spin(7) providing us with a projection 
p : Spin(7) —)■ 5^. Dividing this with the center Z 2 = Z(S0(8)) C S0(8) we obtain another projection 
p : S0(7) —> RP^. The geometric meaning of this map is straightforward: the preimage of a point 
of RP^ i.e., a line in R^ consists of those rotations which keep this line fixed therefore act only on a 
hyperplane perpendicular to this line: dimension counting shows that these transformations are exactly 
the automorphisms of the octonions hence their collection is isomorphic to G 2 . Consequently the 
projection p : S0(7) —)■ RP^ is the classical G 2 -fibration of S0(7) over RP^. It has an associated 
homotopy exact sequence whose relevant segment now is 

;r7(SO(7),G2,c) 

p* 

...-- ;r 7 (SO( 7 ), e) m{RP\p{e)) ne{G 2 ,e) -- ;r6(SO(7), e)-- ... 

where j : {SO{l),e,e) (SO( 7 ),G 2 ,e) is induced by the embedding e G G 2 C S0(7). 

First let us compute ;r 6 (G 2 ). Take 5^ = {2cost -eo -l-2sint-x] 0 ^t ^ n, x e S^}. The conjugation 
(5) can be enhanced to an orthogonal transformation of the octonions which on a particular m G O has 
the form (again parantheses omitted) 

Ml-)- (2cost-eo-l-2sint-x)M(2cost-eo-l-2sint-x)^^ = (cost-eo-l-sint-x)M(cost-eo —sint-x) (10) 

and provides us with a map from into SO(8). However this apparent SO(8) transformation of O = R^ 
leaves ReO = R invariant i.e., acts only on ImO = R^ therefore it is actually an SO(7) transformation. 
This way we obtain a map P : —)■ SO(7) such that [P] = 1 G ;r7(SO(7)) = Z i.e., its homotopy class 
is a generator [12]. Take now the 7-cell := {2cost ■ eo -f 2sint • x | 0 ^ ^ j , x G C 5^. Its 
boundary is de^ = {eo + \/3x | x G 5^} hence constitutes the inner automorphisms (5) of the octonions 
therefore via (10) it lies within G 2 C SO(7). Consequently restriction to this 7-cell gives rise to a map 
P|g7 : (e^,(9e^) —)■ (SO(7),G2) satisfying [F\gi] = 1 G ;r7(SO(7),G2) = ;r 7 (RP^) = Z i.e., its homotopy 
class continues to be a generator. Taking into account that the third power of an inner automorphism is 
the identity it is clear that j*[P] = 3[P|g7]. Consequently, since ;r6(SO(7)) = 0 we conclude from the 
homotopy exact sequence that 7t^{G2) = =: Z 3 as desired. 

Regarding the generator, it readily follows from (5) and (10) that d{F\^i) = f where / : 5^ ^ G 2 is 
the map (6). Therefore <9*[P|g7] = [/] G ;r 6 (G 2 ). By exactness (9* 7 ^ 0 and P|g 7 represents the generator, 
hence its image / also represents a non-trivial element in K(^{G 2 ) which is the generator. O 
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